Linear independence measures for values of certain (/-series 
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Abstract 

We prove, in a quantitative form, linear independence results for values of a certain class 
of q -series, which generalize classical g-hypergeometric series. These results refine our recent 
estimates. 



i — i 1 Main result 



Let K be an algebraic number field of degree x = [IK : Q], M.-& the set of all places of K. For 



03 ; v G A^k we normalize the absolute value | • |„ as follows: 
1- \p\v — V~ l f° r finite v\p; 
2. \x\ v = \x\ for x G Q if v\oo. 
Then for a G IK* we have the so-called product formula 
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where k v = \K V : Q v ] are the local degrees. 

For a vector a = (a ,ai, . . . ,a n ) £ K n+1 its (projective) absolute (multiplicative) height H(a) 
is given by 

H(a)= | J \a\^ /H , \a\ v = max{|a U • • • , \a n \ v }. 

(In fact, by the product formula, H(-) is well defined on the projective space KP" .) In particular, 
for a G K its absolute height is given by 



H(a) = H((l,a))= } [ max {\a\% v/ *, l} . 
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In view of the product formula, for a G K* and any v G M.k we have the so-called fundamental 
inequality 

log \a\ v \ ^ — \ogH(a). 

Suppose q G K and w G A4k satisfy \q\ w > 1 and \q\ v ^ 1 for all v G Mk\{"w} . Further assume 
that polynomials P(x,y) G K[x, y], Q(x) G K[x] satisfy d := deg y P(x, y) ^ 1 and P(n,q n )Q(n) ^ 
for all n G Z >0 . Put 

n 

U n (z) = Y[P{k,z k )/Q(k) (nGM (1.1) 
fc=i 

and consider the function 

where C w is the completion of the algebraic closure of K w . 



„ UqV 

2 Cl 

The function f(z) is entire. Indeed, let 

P(x,y) = ^2Pu(x)y v ; 



u=0 

then for all sufficiently large n G Z >0 we have 

\Pd(n)\w > H(p d (n))~ %/%w ^ n" c , c = const. 
Hence for large n we have 

|P(n,g")U>in- c |g|f 

and the assertion follows. 

In this note we prove the following theorem. 

Theorem 1. Assume that the polynomials P(x,y),Q(x) satisfy (at least) one of the following two 
conditions: 

(a) Pd{x) does not depend on x , or 

(b) po(x) and Q(x) do not depend on x. 

Let m G Z >0 , do G Z^. Suppose numbers otj G K* and Sj t t G Z >0 (1 ^ j ^ m, ^ k < d ) 
satisfy the following three conditions: 

(i) ataj 1 i q z for i^j, 

(ii) Sj t k ^ degpd(x) for 1 $C j ^ m and d ^ k < do, and 
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(iii) if degp (x) = degQ(x) , then ctj (a/b)q z>0 for all j , where a and b are the leading coeffi- 
cients of po(x) and Q(x), respectively. 

Then the numbers 

1, f {a) {a jq k ) (1 < j < m, ^ k < d , < a < s jtk ) 

are linearly independent over K. Moreover, there exist ( effective) positive constants Co = Cq(P, Q, q) 
and Ho = H (P, Q, q, m, do, atj, Sj t k) such that for any vector A = (A , Aj^a) £ K 1+ ^ fc Sj - k \ {0} we 
have 

m do — 1 s j.k~ 1 
j=\ k=0 cr=0 

where H = m&x{H (A) , H } . 

In the case K — Q, | • \ w — \ ■ \ , Q(x) = 1 the qualitative part of Theorem [1] was essentially proved 
by Bezivin pQ. Moreover, Bezivin's result implies that in this case the corresponding assertion is valid 
(with do = 1 and slightly more restrictive conditions posed on otj) even if the polynomial P(x,y) 
does not satisfy conditions (a)-(b) of Theorem [TJ 

Recently the author [2] proposed a quantitative variant of Bezivin's method; in particular, a 
weak version of Theorem [1] was proved, with the estimate of the form exp(— Com(logiJ) 2 ) . A 
modification of this method was proposed in [3] for the case when the polynomials P(x, y), Q(x) do 
not depend on i. In this case a much stronger result than Theorem [1] is valid: the estimate for the 
linear form is polynomial in H and the conditions posed on q can be weakened. In [3] for simplicity 
only the case 1K = Q, | • \ w — \ ■ | was considered but extension to the general case is straightforward 
(cf,e.g, |U). 

Note that Theorem [1] allows one to describe all linear dependences (over K) among values of 
the function f(z) and its derivatives at points of the field K (if the number q and the polyno- 
mials P(x,y),Q(x) satisfy the aforementioned conditions). Indeed, the function f(z) satisfies the 
functional equation 

P (z± D)j (f(z)) = P(0, 1) + Q (z^) (zf(z)) , D q f(z) := f(qz), (1.2) 

therefore, for any a E K* and s ^ degpd(x) the number f^(a) can be expressed as a linear 
combination of the numbers 1, f <ya \a) with ^ a < degpd(x), and f^(aq~ u ) with 1 ^ u ^ d 
and a ^ 0. It follows that, given numbers (3i, . . . G K* and t £ Z >0 , there exist aj and Sjk 
satisfying the conditions of Theorem [1] such that the numbers f^ T \flj) (1 ^ j ^ I, ^ r < t) can 
be expressed as linear combinations of 1, f^(ajq k ) (1 ^ j ^ m, ^ k < d , ^ a < Sj k ). Hence 



^ |lUexp(-C m 2 / 3 (log#) 4 / 3 ), 
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any relation 

i t-i 

j = l T=0 

can be rewritten in the form 

m do — 1 s j,k~ 1 

j = l k = (7=0 

where A ,Ajj,, a are certain linear combinations of B ,Bj T . It follows from Theorem [1] that the 
coefficients B , Bj T must satisfy the system of linear equations A = A,j^ a = 0. In other words, all 
linear dependences among values of the function f(z) and its derivatives at points of the field K 
follow from the functional equation (jl.2p . 

Theorem [T] is a simple consequence of results of [2J. Since the case deg x P(x, y) = degQ(x) = 
was considered in [3], in what follows we assume that deg x P(x,y) + degQ(x) > 0. In Section |2j 
we summarize the required results from [2J . In Section |3] we use them to construct auxiliary linear 
forms. In the final section Theorem [1] is proved. 



2 Summary 

Let m G Z >0 , do G Z^d, ocj G K* (1 ^ j ^ m), Sj^ G Z >0 (1 ^ j ^ m, ^ k < do)- By x 
denote the vector of variables x = (xo,Xj t k,a), where l^j ^ m, ^ k < do, ^ cr < s^k- 
Furthermore, put 

s~ = max Sju (1^7^ rn), 
S = si + . . . + s m . 

Consider the polynomials 



EEE v\r)(a j z k r-''x jAa e km, (2.1) 



3=1 k=0 cr=0 



w n = v n (z, x) = U n (z) ■ [x Q + Y] ; / G K^, f], (2.2) 
where H n (z) is given by (II. ip . 



2.1 First case 

Suppose the polynomial P(x,y) satisfies condition (a) of Theorem (TJ i.e., 

d-i 

P(x,y)=p d y d + ^p v {x)y v , p d G K*. 



i/=0 
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Put h = degQ(x) 



degp d - u {x) h' 
gi = max < max , — > > U. 



Further, let B be the backward shift operator given by 

B(e(n))=£(n-1). 

For 1 ^ j ^ m and fceZ introduce the difference operator 

A kJ = X - ajq k B, 

where X is the identity operator, X(£(n)) = £{ti). 

Finally, for I ^ 0, n ^ (S + mh)l + m ^i=oL^i^J put 

l—l m /I— 1 m \ 

fc=0 3=1 \fc=0 j=l / 

Then we have the following lemma. 

Lemma 1. Assume that u = (u ,Ui) = (co ,cOj t k,a) £ ci + ^ J,fe ^ satisfies 

m do — 1 s j,k~ 1 
3=1 fc=0 cr=0 

TTien /or all I ^ 0, n ^ (S + mh)l + m 5^L=oLfl , i^J u ' e ^ a,ye ^ e estimate 

\viA^\ w ^\^i\MZ ln+m9ll3/6+c{n+1 \ 

where the constant c > depends only on the polynomials P,Q and the numbers q, m, d , atj, Sj^. 
Proof. See [21 Lemma 3.2]. □ 
Remark 1. Note that an estimate of the form 

\vi, n {u)\ w </ |<3i|«|g| 



-ln+cn 



is trivial. Indeed, we have 

m tio — 1 s j,k — 1 



where every Aj^^ has an asymptotic expansion of the form 



4j.*>* ~ E P< ( n )( a * 9 * ^ as n oo. 



i=0 



with Pi(z) G K[,z], degPj ^ a + h + g x %- The required estimate follows immediately. 



2.2 Second case 

In this subsection we assume that the polynomials po(x) = po and Q(x) = 1 do not depend 
on x. Put 



so 




g 2 = max > 0. 

For ^ j ^ m and fceZ introduce the difference operator 



A 



1 -p z k B if j = 0, 
X — ctjZ k B if 1 ^ j ^ m, 



where X, £> are same as above. Note that if po = 0, then Ak,o = X. 
For I ^ , n > {S + e )l + (m + e ) El=o U^J put 



l—l m 



vi, n = vt, n (z,x) = nn^fe? ^ g k *], s ° := l 

fe=0 jr'=0 

Define the (z-) order of a formal Laurent series £(2) = Yl n & anZn 7^ as 

ord 2 £(z) = min{77, | a n 7^ 0}; 

furthermore, put ord z = +00. 

Then the following assertion holds. 

Lemma 2. For all I ^ ; n ^ (5 + £oK + ( m + £ o) Y^k=o\.9^\ we have 

ord 2 vi tn ^ Zn — (to + e )g 2 l 3 /Q - c(n + 1), 

where the constant c > depends only on the polynomial P and the numbers m,d ,Sj t k- 

Proof. See [21 Lemma 3.3]. □ 

2.3 Non- vanishing lemma 

For n ^ 1 put 

K = V;(z,f) = det(^ +i )"7i e K[z,x]. 
Then we have the following non-vanishing lemma. 
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Lemma 3. Assume that the polynomials P,Q and the numbers aj,Sj t k satisfy the conditions of 
TheoremUl $ e 3 ' h i,k \ {0}. Then for any Uq G Z >0 there is an integer n within the range 
n ^ n ^ c\n + Co such that V n (q, cu) ^ 0, where c\ = c\(P,Q),co = co(Q, m, do, Sj t k) are certain 
positive constants. 

Proof. See |2] Lemma 4.3]. □ 



3 Main proposition 

We begin with some notation. Suppose 

A{z) = A( Zl , . . . , z n ) = . . . G K[z] 

V 

is a polynomial; then for v G M.k we put 

Y,^\ A Av if«|oo, 



Furthermore, put 



max,? \Act\ v if v f oo. 



H(A) = J] |A| 



>c v /x 

V 1 



v£Mk 



H W {A) = J] |A| 

i>GA4k\{w} 



V 



In the following proposition we assume the hypotheses of Theorem [TJ we also keep the notation 
from the previous section. 

Proposition 1. There exists a constant go = go(P, Q) G Z>o such that for any positive integers I, n 
with n is mg l 2 + SI there is a linear form Li n (x) G K[x] satisfying the following three conditions: 

1. For any u = (oj ,oji) = (cjq, Uj,k,a) G cl + ^ J ' fcSj ' ,v suc/i t/iat 

j=l fc=0 cr=0 

T7ie following estimates are valid: 

H{L l>n ) ^ H (q) dn2 ' 2+0 ^ ,2 \ 
H w {L hn ) ^ H (q)°^ n \ 
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3. For any u G C w J ' k S] ' k \ {0} and lo,n G Z >0 with n mg l 2 ) + SIq there exists an integer n 
with n ^ n ^ ^ n o + 0(1) stzc/i £/iat L/ 0jn (a;) 7^ 0. 

TTie constants in the Landau symbols O(-) depend only on P,Q,q,m,do,aj, Sj t k- 

Remark 2. In fact, the inequality n ^ (?o n o + 0(1) in condition [3] of Proposition [1] can be replaced 
by n ^ n + O(l ) (cf., e.g., [3J Section 3]). 

The proof of the proposition is divided into two parts according to whether the polynomials P, Q 
satisfy condition (a) or (b) of Theorem [TJ Before we proceed let us make some preliminary remarks. 

Without loss of generality we can assume that Q(x) G Z K [a;]. Furthermore, let D G Z >0 be a 
general denominator of the numbers otj and coefficients of the polynomial P(x, y) . Put 

n 

I n = D n l[Q(k) GZ K \{0}. 

k=l 

It follows from fl2.ip - fl2.2l) that I n v n G ^x[z, x] . Moreover, v n is homogeneous in x with deg^ v n — 1, 
deg 2 v n = dn 2 /2 + 0(n) . 

3.1 Case (a) 

We keep the notation from Subsection 12.11 Let us show that we can take 

It follows from Lemma [1] that condition [1] of the proposition holds (provided that go is large 
enough) . 

Further, since 

(— 1 m 

LiA*) = nn^ +ix - a ^ d °^) sj+ " +L9ifcj K^ f ))' 

fe=0 j=l 

it is readily seen that I n L^ n (x) = A(q,x) for some polynomial A(z,x) G Z K [z,x] with deg 2 A ^ 
dn 2 /2 + mgil 3 /3 + 0(n) = dn 2 /2 + 0(n 3 ^ 2 ) . Hence for finite v G Mm. we have 

l^nl^l^l^maxllgUir 2 / 2 ^" 372 ). 

For a polynomial A(z) = A(z±, . . . , z n ) = ^jA^z" 1 . . . z£ n G K[z] put 

where [a] = max^oo \®\v (in other words, \ a\ is the maximum of absolute values of a's conjugates). 
It follows from f l2.ip -f l2T2]) that C(v n ) ^ exp(0(nlogn)) . Hence for archimedean v G Ai^ we have 

\v n {q,-)\ v ^m a x{\q\ v ,l} dn2 / 2+ °^ exp (0(n log n)) . 
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This implies that 

\L l>n \ v ^ max{|g|„l} d ™ 2 / 2+ °(" 3/2 )exp(0(nlogn)). 
Taking into account the estimate 

II W^'* = II < H < exp(0(nlogn)) 

v\oo v I oo 

and recalling that \q\ v ^ 1 for all v 7^ w, we obtain condition [2] of the proposition. 

Condition E] follows from Lemma [31 Indeed, if vi 0tn (u) = for all n with no ^ n ^ N , then we 
have V n (q, u) = for n + 1 < n ^ iV /2 + 1. 

This concludes the proof of the proposition in the first case. 

3.2 Case (b) 

Without loss of generality, we can assume that Q(x) = 1. 

We keep the notation from Subsection 12.21 Let us show that we can take 

L lin (x)=q- * d * v >>"v l>n (q,x). 

Suppose u = (uq,uji) = (w , Uj,k,a) £ ci + ^' fe Sj ' k satisfies 

m do — 1 s j,k~ 1 

w o + EE E w w («i9*)=o- 

j = l fc = (7=0 



This implies that 



-E 



^1 m=n+i^(^? fc )/QW 



O(n) 



Therefore, 

|^4g ) a;)U<|a; 1 U| g |(r+^' 3 /3 + o(n) ) 

and condition [1] of the proposition follows from Lemma [2l 
Further, we have 



J n u l)n e Z<k[z,x\, 
deg z v ltn ^dn 2 /2 + 0{n 3 / 2 ). 

Therefore, if t> { 00, then 

\L l>n \ v < |/ B |- 1 max{| g | t) ,ir a / 2+ °( n3/a ). 
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Moreover, 

£(%n) < exp (0(n log n)), 

hence for v |oo we have 

lLi.nl, ^ msx{\q\ v ,l}^^ n3/a ^(0(nlogn)). 

These estimates imply condition |2] of the proposition. 
Condition [3] follows from Lemma [31 
Proposition [T] is proved. 



4 Proof of Theorem D 

Take no = mg^P + S7 , where I G Z >0 will be chosen later. It follows from Proposition [1] that 
there is an integer n with mg^l 2 + 0(1) ^ n ^ rag 2 ! 2 + O(Z) such that L^ n (A ) ^ 0. By the product 
formula, we have 

»eMi\{ii)} v£M K \{w} 

therefore, 

|^, n (A)U > |^U(#„(L,,„)ff)- x/ *" ^ |IU^-^|g|^' 2l °^). 
Let w = (uo,Uj t k,a) be given by 

m do — 1 s j,fc~l 

^o = -EE £ ^/ (fT) («^ fc ). 

j=l fc=0 CT=0 

It follows from Proposition [1] that 

I/", (iTAl <\A\ \ n \-ln+m 90 l [i /2+O(n) < \A\ I n \ -mg Q l z /2+0{l 2 ) 
\ ±J l,n\ M )\w ^ l-^ 1 \w \H \w ^ I \w\H\w 

1/3 



Take / 



31ogg 
mg log H(q) 



. Then we have 



provided Hq (and hence iJ) is sufficiently large. Therefore, 

\L hn {A) -L l>n (u)\ w ^ ^\L l>n (A)\ w ^ ^\A\ w (H w (L^ n )H)- K/ ^ 
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On the other hand, we have 



\Li, n (A) — Li >n (u)\ w ^ |£z,nLIA) — u \ 



Thus, 



j.k.n.l 1 " 

j=l fc=0 (T=0 

and Theorem [1] follows from Proposition [TJ 



|A) - WqU ^ \ w (H{L l>n )H) 
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